
http://www.elsevier.com/locate/jat

Journal of Approximation Theory 124 (2003) 96–108

Uniform convergence of Cesàro means of
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Abstract

In this paper we prove that if fACW ð½0; 1�2Þ and the function f is bounded partial p-

variation for some pA½1;þNÞ then the double Walsh–Fourier series of the function f is

uniformly ðC;�a;�bÞ summable ðaþ bo1=p; a; b40Þ in the sense of Pringsheim. If aþ
bX1=p then there exists a continuous function f0 of bounded partial p-variation on ½0; 1�2 such
that the Cesàro ðC;�a;�bÞ means s�a;�b

n;m ð f0; 0; 0Þ of the double Walsh–Fourier series of f0

diverge over cubes.
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1. Introduction

Let r0ðxÞ be a function defined by

r0ðxÞ ¼
1; if xA½0; 1=2Þ;
�1; if xA½1=2; 1Þ;

�
r0ðx þ 1Þ ¼ r0ðxÞ:

The Rademachere system is defined by

rnðxÞ ¼ r0ð2nxÞ; nX1 and xA½0; 1Þ:
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Let w0;w1;y represent the Walsh functions, i.e. w0ðxÞ ¼ 1 and if k ¼ 2n1 þ?þ 2ns

is a positive integer with n14n24?4ns then

wkðxÞ ¼ rn1ðxÞ?rns
ðxÞ:

The idea of using products of Rademacher’s functions to define the Walsh system
originated from Paley [9].

The Walsh–Dirichlet kernel is defined by

DnðxÞ ¼
Xn�1

k¼0

wkðxÞ:

Recall that [1, Chapter 1]

D2nðxÞ ¼
2n; if xA½0; 1=2nÞ;
0; if xA½1=2n; 1Þ:

�
ð1Þ

We consider the double system fwnðxÞ 
 wmðyÞ : n;m ¼ 0; 1; 2;yg on the unit

square I2 ¼ ½0; 1Þ 
 ½0; 1Þ:
If fALðI2Þ; then

f̂ ðn;mÞ ¼
Z 1

0

Z 1

0

f ðx; yÞwnðxÞwmðyÞ dx dy

is the ðn;mÞth Fourier coefficient of f :
The Cesàro ðC; a; bÞ-means of double Walsh–Fourier series are defined as follows:

sa;bn;mð f ; x; yÞ ¼ 1

Aa
nA

b
m

Xn

i¼0

Xm

j¼0

Aa
n�iA

b
m�j f̂ ði; j ÞwiðxÞwjðyÞ;

where

Aa
0 ¼ 1; Aa

n ¼ ðaþ 1Þ?ðaþ nÞ
n!

; aa� 1;�2;y :

Let CW ðI2Þ be the set of all functions f : I2-R that are uniformly continuous

from the dyadic topology of I2 to the usual topology of R with the norm [10,
pp. 9–11]

jj f jjC ¼ sup
x;yAI2

j f ðx; yÞj:

The dyadic partial moduli of continuity of a function fACW ðI2Þ are defined by

o1
 ð f ; d1Þ ¼ supfjj f ðx"u; yÞ � f ðx; yÞjjC : 0puod1g;
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o2
 ð f ; d2Þ ¼ supfjj f ðx; y"vÞ � f ðx; yÞjjC : 0pvod2g;

where " denotes dyadic addition [1, Chapter 1].

A function f : I2-R is said to be of bounded variation in the sense of Hardy

ð fAHBVðI2ÞÞ [6] if there exists a constant K such that for any partition

D1: 0px0ox1ox2o?oxnp1;

D2: 0py0oy1oy2o?oymp1;

we have

V1;2ð f Þ ¼ sup
D1
D2

Xn�1

i¼0

Xm�1

j¼0

j f ðxi; yjÞ � f ðxiþ1; yjÞ

� f ðxi; yjþ1Þ þ f ðxiþ1; yjþ1ÞjpK ;

V1ð f Þ ¼ sup
y

sup
D1

Xn�1

i¼0

j f ðxi; yÞ � f ðxiþ1; yÞjpK ;

V2ð f Þ ¼ sup
x

sup
D2

Xn�1

i¼0

Xm�1

j¼0

j f ðx; yjÞ � f ðx; yjþ1ÞjpK :

Definition 1. We say that the function f : I2-R is bounded partial p-variation

ð fAPBVpðI2ÞÞ if

V1ð f Þp ¼ sup
y

sup
D1

Xn�1

i¼0

j f ðxi; yÞ � f ðxiþ1; yÞjp;

V2ð f Þp ¼ sup
x

sup
D2

Xm�1

j¼0

j f ðx; yjÞ � f ðx; yjþ1Þjp

are finite.

Given a function f x; yð Þ; periodic in both variables with period 1, for 0pjo2m

and 0pio2n and integers m; nX0 we set

Dm
j f ðx; yÞ1 ¼ f ðx"2j2�m�1; yÞ � f ðx"ð2j þ 1Þ2�m�1; yÞ;

Dn
i f ðx; yÞ2 ¼ f ðx; y"2i2�n�1Þ � f ðx; y"ð2i þ 1Þ2�n�1Þ;

Dmn
ji f ðx; yÞ ¼Dn

i ðDm
j f ðx; yÞ1Þ2 ¼ Dm

j ðDn
i f ðx; yÞ2Þ1

¼ f ðx"2j2�m�1; y"2i2�n�1Þ � f ðx"ð2j þ 1Þ2�m�1; y"2i2�n�1Þ

� f ðx"2j2�m�1; y"ð2i þ 1Þ2�n�1Þ

þ f ðx"ð2j þ 1Þ2�m�1; y"ð2i þ 1Þ2�n�1Þ:
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Denote

W ð1Þ
m ð f ; x; yÞ ¼

X2m�1

j¼1

1

j1�ajD
m
j f ðx; yÞ1j;

W ð2Þ
n ð f ; x; yÞ ¼

X2n�1

i¼1

1

i1�bjD
n
i f ðx; yÞ2j;

Wmnð f ; x; yÞ ¼
X2m�1

j¼1

X2n�1

i¼1

1

j1�a

1

i1�bjD
mn
ji f ðx; yÞj:

2. Formulation of the problems

Jordan [7] introduced a class of functions of bounded variation and, applying it to
the theory of the Fourier series, he proved that if a continuous function has bounded
variation, then its Fourier series converges uniformly. In 1906 Hardy [6] generalized
the Jordan criterion to the double Fourier series and introduced for the function of
two variables the notion of bounded variation. He proved that if the continuous
function of two variables has bounded variation (in the sense of Hardy), then its
Fourier series converges uniformly in the sense of Pringsheim.1 The analogous result
for double Walsh–Fourier series is verified by Moricz [8]. The author [2] has proved
that in Hardy’s theorem there is no need to requere the boundedness of V1;2ð f Þ;
moreover, it is proved that if f is continuous function and has bounded p-partial
variation ð fAPBVpÞ for some pA½1;þNÞ then its double trigonometric Fourier

series converges uniformly on ½0; 2p�2 in the sense of Pringsheim. The analogous
result for double Walsh–Fourier series is established in [3].

In [4] the following theorems are proved:

Theorem A. Let fACW ðI2Þ-PBV1 and aþ bo1; a; bAð0; 1Þ: Then the double

Walsh–Fourier series of the function f is uniformly ðC;�a;�bÞ summable in the sense

of Pringsheim.

Theorem B. Let aþ b ¼ 1; a; b40: Then there exists a continuous function f0APBV1

such that the Cesàro ðC;�a;�bÞ means s�a;�b
n;m ð f0; 0; 0Þ of the double Walsh–Fourier

series of f0 diverge over cubes.

On the basis of the above facts the following problems arise naturally:

Let fAPBVpðI2Þ-CW ðI2Þ; for some pA½1;þNÞ: Find all values of a; bAð0; 1Þ for
which the uniform convergence of Cesàro ðC;�a;�bÞ means of double Walsh–
Fourier series of the function f holds.
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The solution of this problem is given by Theorems 1 and 2.

3. Main results

The main results of this paper are presented in the following propositions.

Theorem 1. Let fACW ðI2Þ-PBVp; for some pA½1;þNÞ and aþ bo1=p; a; b40:

Then the double Walsh–Fourier series of the function f is uniformly ðC;�a;�bÞ
summable in the sense of Pringsheim.

Theorem 2. Let aþ bX1=p; a; b40: Then there exists a continuous function f0APBVp

such that the Cesàro ðC;�a;�bÞ means s�a;�b
n;m ð f0; 0; 0Þ of the double Walsh–Fourier

series of f0 diverge over cubes.

Theorems 1 and 2 imply

Theorem 3. Let a;bAð0; 1Þ and pA½1;NÞ: For all double Walsh–Fourier series of class

CW ðI2Þ-PBVp to be uniformly ðC;�a;�bÞ summable it is necessary and sufficient

that

aþ bo1=p:

4. Auxiliary results

We shall need

Lemma 1 (Tevzadze [11]). Let

Ka
n ðtÞ ¼

1

Aa
n

Xn

j¼0

Aa
n�jwjðtÞ:

Then there exists a positive integer s; such that

Z 2i

2m

2i�1

2m

jK�a
2m ðtÞj dtXcðaÞ2ia

is fulfilled if iom � s for great m:

Lemma 2. Let f be continuous 1-periodic functions on ½0; 1� and aAð0; 1Þ: Then

jjs�a
n ð f Þ � f jjCpcðaÞo 1

n
; f

� �
na;

where oðd; f Þ is the modulus of continuity.

The proof can be found in [5].
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Lemma 3. Let fACW ðI2Þ and

W ð1Þ
n ð f ; x; yÞ;W ð2Þ

m ð f ; x; yÞ;Wnmð f ; x; yÞ-0

uniformly with respect to x; y as m; n-N: Then the double Walsh–Fourier series of the

function f is uniformly ðC;�a;�bÞ summable in the sense of Pringsheim.

The proof can be found in [3].

5. Proofs of main results

Proof of Theorem 1. To prove the theorem on the basis of Lemma 3 it suffices to
show that

W ð1Þ
n ð f ; x; yÞ;W ð2Þ

m ð f ; x; yÞ;Wnmð f ; x; yÞ-0

uniformly with respect to x; y as m; n-N:
Using Abel Transformation we obtain

W ð1Þ
n ð f ; x; yÞ ¼

X2n�1

i¼1

1

i1�ajD
n
i f ðx; yÞ1j

¼
X2n�2

i¼1

1

i1�a �
1

ði þ 1Þ1�a

 !Xi

j¼1

jDn
j f ðx; yÞ1j

þ 1

ð2n � 1Þ1�a

X2n�1

i¼1

jDn
i f ðx; yÞ1j ¼ Iþ II: ð2Þ

Using Holder inequality, from the condition of the theorem we get

IIp
1

ð2n � 1Þ1=p�a

X2n�1

i¼1

jDn
i f ðx; yÞ1j

p

 !1=p

¼ O
1

ð2n � 1Þ1=p�a

 !
¼ oð1Þ as n-N; ð3Þ

Ip cðaÞ
X2n�2

i¼1

1

i2�a

Xi

j¼1

jDn
j f ðx; yÞ1j

p cðaÞ
XiðnÞ
i¼1

1

i2�a

Xi

j¼1

jDn
j f ðx; yÞ1j þ

X2n�2

i¼iðnÞþ1

1

i1þ1=p�a

Xi

j¼1

jDn
j f ðx; yÞ1j

p

 !1=p
8<
:

9=
;

p cðaÞ o1


f ;
1

2n

� �
ðiðnÞÞa þ 1

iðnÞ

� �1=p�a
( )

¼ oð1Þ as n-N; ð4Þ
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where

min
1pmo2n

o1


f ;
1

2n

� �
ma þ 1

m

� �1=p�a
( )

¼ o1


f ;
1

2n

� �
ðiðnÞÞa þ 1

iðnÞ

� �1=p�a
( )

:

From (2)–(4) we obtain

W ð1Þ
n ð f ; x; yÞ-0 ð5Þ

uniformly with respect to x; y as n-N:
Analogously we obtain

W ð2Þ
m ð f ; x; yÞ-0 ð6Þ

uniformly with respect to x; y as m-N:
Using Hardy transformation, we obtain

Wmnð f ; x; yÞ ¼
X2n�2

i¼1

X2m�2

j¼1

1

i1�a �
1

ði þ 1Þ1�a

 !
1

j1�b �
1

ð j þ 1Þ1�b

 !



Xi

l¼1

Xj

s¼1

jDnm
ls f ðx; yÞj

þ 1

2n � 1

� �1�a X2m�2

j¼1

1

j1�b �
1

ð j þ 1Þ1�b

 ! X2n�1

l¼1

Xj

s¼1

jDnm
ls f ðx; yÞj

þ 1

2m � 1

� �1�b X2n�2

i¼1

1

i1�a �
1

ði þ 1Þ1�a

 ! Xi

l¼1

X2m�1

s¼1

jDnm
ls f ðx; yÞj

þ 1

2n � 1

� �1�a
1

2m � 1

� �1�b X2n�1

i¼1

X2m�1

j¼1

jDnm
ij f ðx; yÞj

¼ Iþ IIþ IIIþ IV: ð7Þ

It is evident that

Xi

l¼1

Xj

s¼1

jDnm
ls f ðx; yÞjp2j sup

y

Xi

l¼1

jDn
l f ðx; yÞ1j ð8Þ

and

Xi

l¼1

Xj

s¼1

jDnm
ls f ðx; yÞjp2i sup

x

Xj

s¼1

jDm
s f ðx; yÞ2j: ð9Þ
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Consequently,

Xi

l¼1

Xj

s¼1

jDnm
ls f ðx; yÞj

¼
Xi

l¼1

Xj

s¼1

jDnm
ls f ðx; yÞj

 ! a
aþb Xi

l¼1

Xj

s¼1

jDnm
ls f ðx; yÞj

 ! b
aþb

p2j
a

aþb sup
y

Xi

l¼1

jDn
l f ðx; yÞ1j

 ! a
aþb


 i
b

aþb sup
x

Xj

s¼1

jDm
s f ðx; yÞ2j

 ! b
aþb

: ð10Þ

Using Holder inequality, by (10) and from the condition of the theorem we get

IVp 2
1

2n � 1

� � a
aþb�a

1

2m � 1

� � b
aþb�b


 sup
y

X2n�1

l¼1

jDn
l f ðx; yÞ1j

 ! a
aþb

sup
x

X2m�1

s¼1

jDm
s f ðx; yÞ2j

 ! b
aþb

p 2
1

2n � 1

� � a
pðaþbÞ�a

1

2m � 1

� � b
pðaþbÞ�b


 sup
y

X2n�1

l¼1

jDn
l f ðx; yÞ1j

p

 ! a
pðaþbÞ

sup
x

X2m�1

s¼1

jDm
s f ðx; yÞ2j

p

 ! b
pðaþbÞ

¼O
1

2n � 1

� � a
pðaþbÞ�a

1

2m � 1

� � b
pðaþbÞ�b

0
@

1
A ¼ oð1Þ as n;m-N: ð11Þ

IIIp cðaÞ 1

2m � 1

� �1�b X2n�2

i¼1

1

i2�a

Xi

l¼1

X2m�1

s¼1

jDnm
ls f ðx; yÞj

p cðaÞ 1

2m � 1

� � b
aþb�b X2n�2

i¼1

1

i
1þ a

aþb�a
sup

y

X2n�1

l¼1

jDn
l f ðx; yÞ1j

 ! a
aþb


 sup
x

X2m�1

s¼1

jDm
s f ðx; yÞ2j

 ! b
aþb

p cðaÞ 1

2m � 1

� � b
pðaþbÞ�b X2n�2

i¼1

1

i
1þ a

pðaþbÞ�a
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 sup
y

X2n�1

l¼1

jDn
l f ðx; yÞ1j

p

 ! a
pðaþbÞ


 sup
x

X2m�1

s¼1

jDm
s f ðx; yÞ2j

p

 ! b
pðaþbÞ

p cðaÞ 1

2m � 1

� � b
pðaþbÞ�b XN

i¼1

1

i
1þ a

pðaþbÞ�a

p cðaÞ 1

2m � 1

� � b
pðaþbÞ�b

-0 as n;m-N: ð12Þ

Analogously, we obtain

II-0 as n;m-N: ð13Þ

From (10), we write

Ip cða; bÞ
X2n�2

i¼1

X2m�2

j¼1

1

i2�a

1

j2�b

Xi

l¼1

Xj

s¼1

jDnm
ls f ðx; yÞj

p cða; bÞ
X2n�2

i¼1

1

i
1þ a

aþb�a
sup

y

Xi

l¼1

jDn
l f ðx; yÞ1j

 ! a
aþb



X2m�2

j¼1

1

j
1þ b

aþb�b
sup

x

Xj

s¼1

jDm
s f ðx; yÞ2j

 ! b
aþb

p cða; bÞ
X2n�2

i¼1

1

i
1þ a

pðaþbÞ�a
sup

y

Xi

l¼1

jDn
l f ðx; yÞ1j

p

 ! a
pðaþbÞ



X2m�2

j¼1

1

j
1þ b

pðaþbÞ�b
sup

x

Xj

s¼1

jDm
s f ðx; yÞ2j

p

 ! b
pðaþbÞ

: ð14Þ

Since

X2n�2

i¼1

1

i
1þ a

pðaþbÞ�a
sup

y

Xi

l¼1

jDn
l f ðx; yÞ1j

p

 ! a
pðaþbÞ

¼
XiðnÞ
i¼1

1

i
1þ a

pðaþbÞ�a
sup

y

Xi

l¼1

jDn
l f ðx; yÞ1j

p

 ! a
pðaþbÞ
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þ
X2n�2

i¼iðnÞþ1

1

i
1þ

a
pðaþbÞ�a

sup
y

Xi

l¼1

jDn
l f ðx; yÞ1j

p

 ! a
pðaþbÞ

pcða; b; pÞ o1


f ;
1

2n

� �� � a
aþb

iðnÞa þ 1

iðnÞ

� � a
pðaþbÞ�a

( )
¼ oð1Þ as n-N;

where

min
1pmo2n

o1


f ;
1

2n

� �� � a
aþb

ma þ 1

m

� � a
pðaþbÞ�a

( )

¼ o1


f ;
1

2n

� �� � a
aþb

ðiðnÞaÞ þ 1

iðnÞ

� � a
pðaþbÞ�a

( )
;

from (14) we get

Ip cða; b; pÞ o1


f ;
1

2n

� �� � a
aþb

ðiðnÞÞa þ 1

iðnÞ

� � a
pðaþbÞ�a

( )



XN
j¼1

1

j
1þ b

pðaþbÞ�b
-0 as n;m-N: ð15Þ

Combining (7), (11)–(13) and (15) yields

Wnmð f ; x; yÞ-0 ð16Þ

uniformly with respect to x; y as m; n-N:
By (5), (6), (16) and from the Lemma 3 the proof of Theorem 1 is complete. &

Proof of Theorem 2. We choose a monotone increasing sequence of positive integers
flk: kX0g such that l04s (where s is the same as in Lemma 1) and

lk42lk�1; kX1; ð17Þ

1

2lkð2�a�bÞ

Xk�1

i¼1

22li
22li�1

2li

� �aþb
p

o
1

k
: ð18Þ

Consider the function jk defined by

jkðxÞ ¼

2lkþ2x � 2j; xA½2j2�lk�2; ð2j þ 1Þ=2�lk�2Þ
�ð2lkþ2x � 2j � 2Þ; xA½ð2j þ 1Þ2�lk�2; ð2j þ 2Þ=2�lk�2Þ
for j ¼ 1;y; rðlk; pÞ � 1;

0 otherwise;

8>>><
>>>:

jkðx þ lÞ ¼ jkðxÞ; l ¼ 71;72;y;
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where

rðlk; pÞ ¼ max j :
j þ 1

2lk=p
p
1

2

1

2lk�1=p

� �
:

Let

f0ðx; yÞ ¼
XN
n¼1

2ln�1

2ln

� �aþb
p

ja
nðxÞjb

nðyÞ;

where

ja
nðxÞ ¼ jnðxÞ sign K�a

2ln ðxÞ:

It is evident that f0 is continuous on I2 and 1-periodic with respect to each
variable. Since aþ bX1=p; from the construction of the function f0 we obtain that

f0APBVpðI2Þ:
We show that the C;�a;�bð Þ-means of the double Walsh–Fourier series of the

function f0 diverge over cubes for ðx; yÞ ¼ ð0; 0Þ:
Indeed,

s�a;�b
2lk ;2lk

ð f0; 0; 0Þ � f0ð0; 0Þ

¼
Z 1

0

Z 1

0

f0ðx; yÞK�a
2lk

ðxÞK�b
2lk

ðyÞ dx dy

¼
Z 2�lk�1

0

Z 2�lk�1

0

þ
Z 2�lk�1�1

2�lk�1

Z 2�lk�1�1

2�lk�1

þ
Z 1

2�lk�1�1

Z 1

2�lk�1�1

 !


 ð f0ðx; yÞK�a
2lk

ðxÞK�b
2lk

ðyÞ dx dyÞ ¼ Iþ IIþ III: ð19Þ

Since jK�a
n ðxÞj ¼ OðnÞ; for I we obtain

Ip
Z 2�lk�1

0

Z 2�lk�1

0

j f0ðx; yÞj jK�a
2lk

ðxÞj jK�b
2lk

ðyÞj dx dy

p cða; bÞ max
x;yA½0;2�lk�1�2

j f0ðx; yÞj ¼ oð1Þ as k-N: ð20Þ

Since

jjIIIjjCp
Xk�1

i¼1

2li�1

2li

� �aþb
p

jjja
i � s�a

2lk
ðja

i ÞjjC jjj
b
i � s�b

2lk
ðjb

i ÞjjC
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and

o ja
i ;

1

2lk

� �
¼ O

2li

2lk

� �
;

o jb
i ;

1

2lk

� �
¼ O

2li

2lk

� �
;

from Lemma 2 and by (18) we obtain

jjIIIjjCp cða; bÞ
Xk�1

i¼1

2li�1

2li

� �aþb
p

o ja
i ;

1

2lk

� �
o jb

i ;
1

2lk

� �
2lk aþbð Þ

p cða; bÞ
Xk�1

i¼1

2li�1

2li

� �aþb
p 2lkðaþbÞ

22lk
22li

¼ cða; bÞ 1

2lkð2�a�bÞ

Xk�1

i¼1

2li�1

2li

� �aþb
p

22lip
cða; bÞ

k
¼ oð1Þ as k-N: ð21Þ

From the construction of the function, we obtain

II ¼ 1

2lk�lk�1

� �aþb
p
Z rðlk ;pÞ2�lk�1

2�lk�1

ja
kðxÞK�a

2lk
ðxÞ dx



Z rðlk ;pÞ2�lk�1

2�lk�1

jb
kðyÞK

�b
2lk

ðyÞ dy

¼ 1

2lk�lk�1

� �aþb
p
Z rðlk ;pÞ2�lk�1

2�lk�1

jkðxÞjK�a
2lk

ðxÞj dx



Z rðlk ;pÞ2�lk�1

2�lk�1

jkðyÞjK
�b
2lk

ðyÞj dy: ð22Þ

By Lemma 1 we writeZ rðlk ;pÞ2�lk�1

2�lk�1

jkðxÞjK�a
2lk

ðxÞj dx

Xc
X½log2 rðlk ;pÞ�

d¼1

Z 2d

2lkþ1

2d�1

2lkþ1

jK�a
2lk

ðxÞj dx

XcðaÞ
X½log2 rðlk ;pÞ�

d¼1

2ad
XcðaÞðrðlk; pÞÞaXcðaÞ 2lk

2lk�1

� �a
p

: ð23Þ
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Analogously we obtain

Z rðlk ;pÞ2�lk�1

2�lk�1

jkðyÞjK
�b
2lk

ðyÞj dyXcðbÞ 2lk

2lk�1

� �b
p

: ð24Þ

After substituting (23) and (24) in (22) we have

jIIjXcða; bÞ40: ð25Þ
Owing to (19)–(21) and (25), we arrive at

lim
k-N

js�a;�b
2lk ;2lk

ð f0; 0; 0Þ � f0ð0; 0ÞjXcða; bÞ40:

The proof of Theorem 2 is complete. &

Observe that the result of this paper can be proved in the same way for dimension
more than 2.
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